A self-consistent model of a non-equilibrium spherical microwave discharge is presented. We use a two-temperature plasma model. Numerical experiments are carried out for the discharge in argon at atmospheric pressure. Results are presented for the characteristics of the discharge plasma against the external parameters (the power and frequency of the applied electromagnetic field and the size of the discharge chamber).
Introduction
Microwave discharges at atmospheric pressure are a classical subject of the physics of low-temperature plasmas. The study of these discharges has been stimulated by various scientific and technological applications, including microelectronics, lighting, surface treatment, polymer modification, etching, sterilization and abatement processes, etc [1] [2] [3] .
The efficient adoption of microwave discharges as sources of plasma for these applications depends on the ability to control the plasma properties. This implies a knowledge of the dependence of the properties of plasmas on external factors (such as the electromagnetic field mode and frequency, nature, pressure and flow rate of the gas, geometric size of the discharge setup and the amount of the microwave power delivered to the plasma). Such knowledge can be gained from modelling the processes occurring in the plasma.
Microwave discharge models vary according to their geometry (planar, cylindrical, spherical), scheme for microwave power feed (waveguide, resonator, free space), how they take into account the motion of the gas and the degree of detail in the solution of the electrodynamic and thermal problems. The processes in discharge plasma were described, before, qualitatively by means of a so-called channel model (by Raizer [4] and Meierovich [5] ), which is close to the channel model of arcs (see, e.g. [6] ). More formal analysis was carried out on the basis of the local thermodynamic equilibrium (LTE) [7] [8] [9] . A more realistic description of the mechanism of energy transfer from the electromagnetic field to heavy particles via electrons has led to the two-temperature model of the discharge plasma, where the electron gas and the heavy particle gas are each characterized by a different temperature [8] [9] [10] [11] [12] .
Experiments show that a localized plasma of spheroidal shape in a microwave discharge at atmospheric pressure can exist as a stationary object sustained by a continuous power feed [13] [14] [15] [16] [17] . Repeated attempts have been made to relate these discharges to the phenomenon of ball lightning (starting with the studies of Kapitza [18] , see, e.g. [19] [20] [21] ).
At present, the overwhelming majority of the models are constructed in planar and cylindrical geometry. The present work is concerned with the modelling of a spherical microwave discharge. LTE models of a spherical microwave discharge at atmospheric pressure have been considered in [9, 22, 23] . There is no theoretical work concerning nonequilibrium spherical discharges. The aim of this work is to fill this gap.
We adopt a two-temperature plasma model. In this approximation, the microwave discharge model contains the solutions of three interrelated problems: electrodynamic, thermal and the problem of the plasma composition. The structure and temperatures of the discharge plasma depend strongly on the electromagnetic fields, which in turn are affected by the discharge. As a consequence, a strong coupling exists between the microwave fields and the plasma discharge characteristics. A self-consistent description of this problem requires simultaneous solution of the electrodynamic problem and the equations describing the discharge processes, under appropriate boundary conditions. This is a complex nonlinear task, which requires extensive numerical calculations. One commonly used approach consists in independently solving the plasma maintenance equations and those describing the electromagnetic properties of the system, and subsequently merging the results. This paper is organized as follows. Section 2 introduces the model of a spherical microwave discharge. The method of solution is described in section 3. As an example of the application of the proposed model, section 4 presents the results of the calculation of discharge plasma characteristics depending on the external control parameters for an argon plasma at atmospheric pressure. Finally, section 5 contains conclusions. The appendix is devoted to derivation of the formula for the relation between the input power and the complex amplitudes of the incident electromagnetic waves.
Model
In this section, a self-consistent model of non-equilibrium spherical microwave discharges is developed. This model can be separated into three parts: first, the electrodynamic problem, which is described by Maxwell's equations; second, the energy balance equations for each species of plasma that form the energy balance problem; finally, the problem of the structure of the plasma, which consists of the condition of quasineutrality, the Dalton law and the Saha equation. The model is completed by defining material functions and appropriate boundary conditions.
We assume that the axial symmetric electric discharge is taking place inside a spherical chamber with a dielectric wall (figure 1) and is sustained by the microwave power, Q app , of convergent electromagnetic waves with the field components E = E(E r , E θ , 0)e iωt and H = H(0, 0, H ϕ )e iωt . We basically follow the assumptions and technique that were used in [9] in modelling non-equilibrium cylindrical discharges. We construct the model on the basis of a twotemperature approximation of the plasma. In such a model, it is assumed that the plasma consists of two gas media of electrons and heavy particles (ions and atoms), which are characterized by Maxwell's distribution for the speeds of particles with kinetic temperatures T e and T ≈ T i ≈ T a , and Boltzmann's distribution for the exited levels. This approximation is based on the poor collisional coupling between the electrons and the heavy particles. This coupling leads to the differences between various collisional relaxation times for the respective species. As a result, an LTE is established separately in the electron gas and in the heavy particle gas. In fact, we can expect that the energy distribution for electrons is close to Maxwellian when ν ee ν e δ e , where ν ee and ν e are the electron-electron and electron-heavy particle collision frequencies, respectively, and δ e = 2m e /m a is the fraction of the electron energy lost in an electron collision with a heavy particle. Calculations show that in an argon plasma at atmospheric pressure, the ratio of ν ee to ν e δ e increases steadily from a value of ∼10 2 at a temperature T e of 5000 K to a value of ∼10 4 at a T e of 8000 K: this confirms the validity of the approximation.
We assume that the processes are quasistationary, that is the time needed for the system to relax to the steady state is a lot longer than the electromagnetic field oscillation period.
In fact, a pulsing of the average energy of electrons, following the electromagnetic field oscillations, can be neglected, when ω ν e δ e , where ω is the angular frequency of the electromagnetic field and (ν e δ e ) −1 expresses the relaxation time for the electron gas. For the microwave discharges in atomic gases, this condition is practically always satisfied. For example, calculations show that in argon plasmas at atmospheric pressure, when T e varies in the interval 5000-8000 K, ν e δ e is of the order of 10 5 -10 6 , which is a lot smaller than the microwave frequency range.
Moreover, we assume that the plasma is quasineutral. The motion of the gas has no significant influence on the characteristics of the discharge. The plasma is in ionization equilibrium. The energy of the electromagnetic field is absorbed basically by the electronic gas, and atoms and ions are heated up as a result of collisions with the electrons. Finally, we assume that the radiation losses can be neglected, and the dissipated energy is removed from the plasma by heat conductivity to the walls, which are held at a constant temperature.
According to the assumptions given above, the problem can be described by Maxwell's equations, the energy balance equations for each species of the plasma and the equations for the structure of the plasma. The system is complemented by the formulae for the plasma transport coefficients.
Maxwell's equations and the energy balance equations for electrons and heavy particles in the spherical coordinate system (r, ϕ, θ ) have the following form:
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Here T is the temperature, λ is the thermal conductivity, σ is the electric conductivity, µ 0 and 0 are the permeability and permittivity, respectively, of vacuum, c is the complex relative permittivity of the plasma, Q E = 1 2 σ |E| 2 expresses the density of the power dissipated within the plasma,
δ e ν e n e k is the coefficient of interaction between electrons and heavy particles, ν e is the effective frequency of elastic collisions of electrons, m and n are the mass and concentration of particles and k is the Boltzmann's constant. The subscripts e, i and a refer to electrons, ions and atoms, respectively.
The structure of the plasma is determined by the equation of ionization equilibrium, which is given by the modified Saha equation,
the condition of quasineutrality, the equations of state and Dalton's Law:
Here, p is the pressure, h is the Planck constant, U i is the ionization energy threshold and
being the Debye length in two-temperature plasmas. Here e is the elementary charge.
The dependences of the coefficients of the plasma on the temperature, the frequency of the electromagnetic field and the pressure of the gas are calculated according to [1, 8, 9] . The electrical conductivity is
The thermal conductivities are
The complex permittivity is
The effective collision frequency is calculated from
with the average thermal electron velocity
and Q denoting collision cross sections. The values of the partition functions Z a , Z i , the collision cross sections Q ea , Q ia , Q aa , Q ii , Q ei , the Saha constants K S (T e ) and the correction factors K σ and K λ are calculated similarly with [1, 8, 9] .
Solution method
In this section, the method of solution is described. The exact treatment of the interaction between the microwave field and the plasma sustained by it requires considering self-consistently both the equations describing the plasma maintenance processes within the discharge and the equations for the electrodynamic field, under appropriate boundary conditions. This is a complex non-linear task, which requires extensive numerical calculations. We use the commonly used approach, which consists of solving separately the plasma maintenance equations and the equations describing the electromagnetic properties of the system and subsequently merging the results.
We solve the electrodynamic problem analytically for the outside region and numerically for the inside region. To simplify the energy balance problem, first we average the energy balance equations over the angle θ.
Electrodynamic problem
We solve the electrodynamic problem with respect to the scalar function χ(r, θ) = r sin θH ϕ . From equations (1)- (3) we obtain the expressions for the components of the electric field,
and equation for χ,
Separating variables,
and assuming that c is only a function of the radius, r, we reduce this problem to a couple of ordinary differential equations with respect to the functions χ 1 (θ ) and χ 2 (r):
with the constant parameter λ n . We apply the boundary conditions
and
which express the presence of the axial symmetry and vanishing of the magnetic field at this axis. The boundedness of the magnetic field at the axis θ = 0 dictates a choice of the spectrum of eigenvalues λ n = −n(n + 1), n = 1, 2, 3, . . ..
The solution of equations (8) and (10) is described by means of Legendre functions:
Solution of equation (9) for the outside region (r > R), where c = 1, takes the form
where x = cos θ, k 0 = ω √ 0 µ 0 , C n and B n are the complex amplitudes of the incident and reflected waves and H (1) n+1/2 and H (2) n+1/2 are Hankel functions.
Inside the discharge region (r < R) we solve the problem (9), (11) numerically with respect to the function f (r) = χ 2n (r)/r 2 . The general solution of equation (7) represents the sum of spatial modes
which expresses a superposition of the applied and reflected spherical waves outside the discharge region, and dissipated waves inside the discharge region.
The coefficients of the dissipated and reflected waves, A n and B n , are determined by equating the components H ϕ and E θ of the electromagnetic field at the wall of the discharge chamber, r = R
by the formulae
where F n and G n denote the function χ 2n on the outside and inside regions. Calculating the input microwave power as a Poynting flux and using equations (6), (12) and (13), we obtain the connection of the coefficients of the incident waves with the input power in the following form (see the appendix):
The reflection coefficient, ρ, is defined as the ratio of the reflected and input power, and can be calculated as ρ n = |B n | 2 /|C n | 2 . We will use in calculations only the first spherical mode (n = 1). Dissipated power is
Energy balance problem
For the simplification of the energy balance problem, we average equations (4) and (5) 
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where · · · θ denotes an averaging over the angle θ . In the case of the first mode (n = 1), the function |E| 2 θ has the form |E|
where f (r) = χ 21 (r)/r 2 . Further on, we will use the old notations T and T e for the averaged temperatures.
The boundary conditions we use are as follows. At the centre of the discharge, owing to the spherical symmetry, we apply dT e dr (0) = 0, dT
At the surface of the wall, we set
where T R corresponds to the wall temperature, which is assumed to be equal to room temperature, 300 K. Assuming that there is no electron energy transfer to the wall, we set dT e dr (R) = 0.
Numerical procedure
We use a finite-differences technique for the discretization of equations and boundary conditions. The Thomas algorithm is applied for numerical solution of difference equations, where the matrix modification of this method [24, p 414] is used for the energy balance problem. The numerical procedure is reduced to the iterative circle, which consist of three sequential steps: first, the calculation of the densities of species and the plasma transport coefficients for the current distribution of the temperatures T and T e ; second, solution of the electrodynamic problem and, hence, determination of the source term for the energy balance problem; finally, solution of the energy balance problem and, hence, a determination of the new approximations for the temperatures T and T e . In the first iteration, the profiles of the electron temperature and heavy particle temperature are taken as constant and parabolic, respectively. Under-relaxation is used to stabilize the iteration process.
We use an energy conservation law to check the results. Since a surface integral of the Poynting flux, P, through the border of the discharge gives the dissipated power, Q dis , and, in accordance with Poynting's theorem,
then, by virtue of divergence formula, the source term, 1 2 σ |E| 2 , is related to the dissipated power, Q dis , by
On the other hand, after integrating the energy balance equation (14) for electrons over the discharge volume, and taking into account the boundary conditions (17) and (19), we have That is, the Joule thermal radiation is equal to the energy transmitted to the heavy particles by means of collisions. Analogously, integrating the energy balance equation for heavy particles, and taking into account the boundary conditions (17) and (18), we have
This quantity states that the heat flux of heavy particles towards the wall of the discharge chamber must be equal to the power that has been dissipated within the plasma.
Results
To illustrate our model, it has been applied to the case of microwave discharge sustained in argon at atmospheric pressure. We take into account the first spatial mode in our calculations. The results presented in figures 2-9 are the characteristics of the discharge plasma versus the radius, R, of the discharge chamber, the frequency, ω, of the incident electromagnetic waves and the amount of microwave power, Q app , delivered to the plasma. To illustrate the electromagnetic field configuration, figures 10-12 contain plots of the components of the electric and magnetic fields inside and outside the discharge chamber. Note that in the figures presented, the modulus of the electric field, |E|, denotes the averaged value over the angle θ , E r E * r θ + E θ E * θ θ , and is calculated according to equation (16) . The parameter range studied includes a microwave power of 0.001-200 kW, a frequency, ω/2π, of 0.02-12 GHz and a discharge chamber radius of 0.1-50 cm.
Influence of the amount of input power
Calculations show that a plasma of a spherical microwave discharge in argon at atmospheric pressure can be essentially non-equilibrium: the temperature of the electrons exceeds the temperature of the heavy particles that corresponds to the results presented in [9] for cylindrical discharges. In contrast to the models of equilibrium microwave discharges, which are σ |E| 2 , the real part of the complex permittivity, c , and the density, n a , as functions of the frequency, ω, of the applied electromagnetic field. R = 1 cm, Q app = 10 kW. Figure 9 . The radial distribution of temperatures of heavy particles and electrons, T and T e , electric field modulus, |E|, and electron density, n e , as functions of the radius, R, of the discharge chamber. Q app = 1 kW, ω = 15 × 10 9 rad s −1 .
characterized by a certain value of the threshold microwave power, and at lower input power steady state discharges cannot exist, the presented model gives solutions even for a few watts of applied power. This is essentially different from the conditions for equilibrium discharges, which need tens or hundreds of watts [1, 9] . For example, at R = 1 cm and ω = 15 × 10 9 rad s −1 , it is necessary for Q app = 1 W, and in this case almost constant radial distributions of T and T e are realized, where the temperature of heavy particles is close to room temperature T R = 300 K (figures 2(a) and (b), 3 and 4). The plasma is almost transparent to microwaves, and the skinning is absent and Re( c ) > 0. With the increase in the input power, Q app , up to 0.2 kW, the profiles of T e and n e , and the distribution of the absorbed power density, 1 2 σ |E| 2 , get strongly expressed peaks at the wall of the chamber ( figures 3 and 4) . The area of dissipation of the applied power shifts to the periphery of the discharge. An insignificant skinning (δ ≈ R, Re( c ) < 0) is observed. Most of the incident electromagnetic waves are reflected from the plasma ( figure 2(b) ). Figure 2(c) shows that the increasing of Q app leads to the decreasing of the electric field and a difference between T e and T at the centre of the discharge and to their increasing at its periphery. Further increasing Q app leads to an appreciable skinning of the electromagnetic waves, a size of the skin layer δ R. The radial distributions of T , T e , E, n e and n a approach a constant in the central region, where the plasma is close to the state of LTE, but sharply change at the periphery of the discharge, where the plasma is in a non-equilibrium state. As in the case of cylindrical microwave discharges [9] , the area of 'hot' electrons, which intensively dissipates the energy of the applied electromagnetic field and shields its penetration to the central zone, is located at the periphery of discharge.
Influence of the frequency of the electromagnetic field and the radius of the discharge chamber
Calculations show that the increase in ω or R results in the increase in the dissipation of the input microwave power, and the characteristics of the discharge qualitatively resemble the increase in Q app (figures 5-9). At rather small values of ω or R the values of T , T e , E, n e and n a have practically constant profiles, and where the temperature of heavy particles is close to T R = 300 K, the discharge plasma is almost transparent to incident electromagnetic waves. Increasing ω or R leads to a non-monotonic character radial distribution of these characteristics. Heating of the plasma takes place mainly at the periphery of the discharge. ω = 15 × 10 9 rad s −1 ), does not affect the temperature at the centre area. Most of the input power is absorbed by the discharge plasma ( figure 8(c) ).
At ω = 40 × 10 9 rad s −1 a non-monotonic character of the dependence of |E| on r is observed and at ω = 80×10 9 rad s
its distribution has an oscillatory character (figure 6).
Conclusion
We have presented a self-consistent model of a nonequilibrium spherical microwave discharge. The characteristics of discharge plasmas in argon at atmospheric pressure have been calculated depending on external control parameters: the radius of the discharge chamber, the frequency of the applied electric field and the amount of microwave power delivered to the discharge. The characteristics of the discharge qualitatively resemble the results for cylindrical discharges [9] . With increasing applied power, the plasma approaches an LTE at the central region, but it is in a non-equilibrium state towards the wall of the discharge chamber. The main drawback of the presented model is the assumption that the discharge plasma is in an ionization equilibrium state. The deviation from the state of ionization equilibrium can be taken into account by adding to the model, in analogy with [9] , the continuity equation for electrons, and not neglecting the particle diffusion.
The following problems can also be considered regarding this model. First, in this work only the first spatial mode has been taken into account. An influence of the higher modes on the properties of discharge plasmas can be investigated. A second problem is the following. Simulations of microwave discharges reveal the existence of two different steady states for the same value of the input power: a high-temperature state and a low-temperature state, where the high-temperature state is stable and the low-temperature state is unstable against fluctuations of the temperature (see, e.g. [23] ). Our simulation captures only one stable regime: in iterations, the numerical solution always converges to the steady solution corresponding to the high-temperature branch. To obtain the model solutions describing both branches, it is necessary to fix, instead of the applied power, Q app , the fraction, Q dis , of power dissipated in the discharge plasma.
Appendix. Relation between input power and complex amplitudes of the incident electromagnetic waves
Let P denote the Poynting vector, E × H, averaged over the oscillation period. Then, P = where ' * ' denotes a complex conjugate. Using equations (6), (12) and (13), after some transformations, we can rewrite (A.1) and (A.2) in the following form:
lk (z)P (1) lk (θ ),
lk (z)P (2) lk (θ ).
(A.3)
Here, R
lk = p l p k , P (2) lk = p l p k with M n (z) = zj n (z), N n (z) = zy n (z) and p n (x) = (1 − x 2 ) 1/2 P 1 n (x), where j n and y n are spherical Bessel functions, P 1 n is the associated Legendre function, and C l and C k are the complex amplitudes of the incident waves corresponding to the lth and kth modes, x = cos θ and z = k 0 r with k 0 = ω √ 0 µ 0 . As we can see from table A1, R (1) lk = −1 when l = k. The formulae for P r , corresponding, for example, to the first three we obtain the relation between the coefficients of the incident waves and the input power in the following form:
|C n | 2 2 2n + 1 n(n + 1) .
